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= 0, Λ(x, t) ≥ 0, φ(TE(x, t)) ≤ 0, (x, t) ∈ Ω× [0, T ] . b¦d
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E(Du, A¯, εp) = µ
∫
Ω
∣∣ sym(Du)− εp∣∣2 dx + λ
2
∫
Ω
tr(Du)2 dx
+ µc
∫
Ω
| skew(Du)− A¯|2 dx + µL2c
∫
Ω
|DA¯|2 dx . bºd
WhL$uﬀR5v1wIxuM=lHQ?(w1FﬀuMXy@uMTzWM=y?AR{WMLw1u1|	;AR{WMLwIxE]EouVL$L$?UTWAwyH7uMXM?(R »
ç
´  hº	½£P¼.¸^·8yUC!·e¹C*ŁC!·P½¦¼l%¹o8^¸S°·YX¹ºA

½e¼.¸S.·P½¼°·P½¦¹ﬁ¶£½]¶ 8/¼*´
÷Ad6
h
Û A5cQÁA!H9MùH9:<;eAÃÂ57857QÁAd6Ad8eEVY>Ad6
Vh ⊂ C0,1(Ω,Rd) Û A5
À*_/:<6AAdY>AdQÁAd_^6H9Â5Z¿!AqE57_*fHAd6
Vh(uD) = {v ∈ Vh : v(x) = uD(x) J]=Z8 x ∈ Dh},
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HB=Z_ ΓD Ö
í_57Y>=Z\.=ZÄ*HY<G.E/Y>Ad6
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Wh(AD) = {B ∈Wh : B(x) = AD(x) Jz=Z8 x ∈ D′h}
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D′h ⊂ ΓD
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ΓD
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Ξh ⊂ Ω Û Aaú¬Ä5Zf°85769Ä/8AÃÂ=Z:<_¬6HÁ57_*fàY>Ad6 ωξ Û AÃ¿!=Z898A!H9Â=Z_*f°:<_/\¨ú¬Ä5Zf°85769Ä/8AÃðNAd:<\qM^6HSHÄ*¿M
69M576 ∫
Ω
v ·w dx =
∑
ξ∈Ξh
ωξ v(ξ) ·w(ξ) , v,w ∈ Vh .
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Λ = {Λ: Ξh −→ R} E Σh = {τ : Ξh −→ Rd,d} 57_*f Eph = {τ : Ξh −→ sl(d)∩Sym(d)}
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ðM*Ad8A
sl(d) = {τ ∈ Rd,d : tr(τ ) = 0} :>H369M*A÷:>A%57Y<\.A Û 85S=7J	6985Z¿!ADÕzJ]8A!AQa576989:>¿!A!HeÖ
\_=ZÄ/8_*=Z65769:>=Z_69M*A:<_^6Ad\q857Yt:>H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69M*AÀ*_/:<6AﬂH9Ä/QÁH∫
Ω
σ : ε dx :=
∑
ξ∈Ξh
ωξ σ(ξ) : ε(ξ), σ, ε ∈ Σh .
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u : [0, T ] −→ Vh ð:<69M u(t) ∈ Vh(uD(t)) J]=Z8 t ∈ [0, T ],
QS:>¿d8=Z8=Z65769:>=Z_*H
A¯ : [0, T ] −→Wh ð:<69M A¯(t) ∈Wh
(
A¯D(t)
)
Jz=Z8
t ∈ [0, T ],
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σ : [0, T ] −→ Σh,
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εp : [0, T ] −→ Eph,
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Λ: [0, T ] −→ Λ,
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σ(ξ, t) = 2µ
(
sym(Du(ξ, t)) − εp(ξ, t)
)
+ λdiv(u)(ξ, t)I + 2µc(skew(Du)(ξ, t)− A¯(ξ, t))
J]=Z8
(ξ, t) ∈ Ξh × [0, T ] b¦Ä*H9:<_/\ σ(ξ, t) := σ(t)(ξ) J]=Z8 σ(t) ∈ Σh dDE°69M*AA!ú¬Ä/:<Y<: Û 89:<Ä/QõA!ú^Ä5769:>=Z_*H∫
Ω
σ(t) : Dv dx = `(t,v), t ∈ [0, T ], v ∈ Vh(  ) ,
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∫
Ω
DA¯(t) ·DB¯ dx = µc
∫
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(
skew(Du(t)) − A¯(t)) : B¯ dx, t ∈ [0, T ], B¯ ∈Wh(0)
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DA¯ ·DB¯ = ∑ijk ∂iAjk∂iBjk dDE°69M*A¾[=Pðò89Ä/Y>A
d
dt
εp(ξ, t) = Λ(ξ, t)Dφ
(
TE(ξ, t)
)
, (ξ, t) ∈ Ξh × [0, T ] ,
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TE(ξ, t) = 2µ
(
sym(Du(ξ, t))− εp(ξ, t)
)
(ξ, t) ∈ Ξh × [0, T ] ,
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Λ(ξ, t)φ
(
TE(ξ, t)
)
= 0, Λ(ξ, t) ≥ 0, φ(TE(ξ, t)) ≤ 0, (ξ, t) ∈ Ω× [0, T ] .
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`n[v] = `(tn,v)
57_*fc69M*A_*Adðm:<89:>¿M/Y>Ad6 Û =ZÄ/_*f*5789GÙZ57Y<Ä*A!H
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σn(ξ) = 2µ
(
sym(Dun(ξ))− εnp (ξ)
)
+ λdiv(un)(ξ)I
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, ξ ∈ Ξh ,
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Λn(ξ)φ
(
T nE(ξ)
)
= 0, Λn(ξ) ≥ 0, φ(T nE(ξ)) ≤ 0, ξ ∈ Ξh .
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DψK(θ)[η] = θ : η−DϕK(θ)[η] = PK(θ) : η E¬57_*fSð,A= Û 657:<_@J¦8=ZQÛb9¤8¦d
J]=Z8
θ,η ∈ Sym(d)
ψK(θ)− ψK(η)−DψK(η)[θ − η]
= PK(θ) : θ − 1
2
PK(θ) : PK(θ)− PK(η) : η + 1
2
PK(η) : PK(η)− PK(η) : (θ − η)
=
(
PK(θ)− PK(η)
)
:
(
θ − PK(θ)
)
+
1
2
|PK(θ)− PK(η)|2 ≥ 1
2
|PK(θ)− PK(η)|2.
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0 ∈ K ðNAM5eÙ.A
ψK(θ) =
1
2
|θ|2 − 1
2
|θ − PK(θ)|2 ≥ 1
2
|θ|2 − 1
2
|θ − 0|2 = 0 .
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φ(T ) = |dev(T )| −K0 Jz=Z8\q:<Ù.Ad_¥b¦GI:>AdY>fhH698A!HHd K0 > 0 Ö`*=Z8 θ ∈ K ð,AM5eÙ.A T = θ 57_*f
γ = 0
Ö
j
69M*Ad89ð:>HAqE*69M*AFF¾,ÕH9G°H96AdQ
0 = T − θ + γ dev(T )|dev(T )| ,
0 = |dev(T )| −K0
M5ZH5&Ä/_/:>ú¬Ä*AH=ZY<Ä/69:>=Z_E57_*f¢Ä*H9:<_/\
dev(θ) =
(
1 +
γ
|dev(T )|
)
dev(T )
ð,A= Û 657:<_
PK(θ) = θ −max
{
0, |dev(θ)| −K0
} dev(θ)
|dev(θ)| ,
γ = max
{
0, |dev(θ)| −K0
}
,
ψK(θ) =
{
1
2 |θ|2 |dev(θ)| ≤ K0 ,
1
2
(
1
d tr(θ)
2 + 2K0 |dev(θ)| −K20
)
|dev(θ)| > K0 ,
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m(s) = max{0, s} 57_*f¢Ä*H:<_/\
∂m(s) =
 1 s > 0[0, 1] s = 0
0 s < 0
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69M*AQ%Ä/Y<69:[ÕxÙq57Y<Ä*A!fhf/Ad89:<Ùq5769:<Ù.A%=7J	69M*AÂ/8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∂PK(θ)[τ ] = τ − ∂m(|dev(θ)| −K0)dev(θ) : dev(τ )|dev(θ)|
dev(θ)
|dev(θ)|
−m(|dev(θ)| −K0)
( dev(τ )
|dev(θ)| −
dev(θ) : dev(τ )
|dev(θ)|
dev(θ)
|dev(θ)|2
)
,
:xÖ/AqÖ<E
∂PK(θ) = 11− ∂m(|dev(θ)| −K0) dev(θ)|dev(θ)| ⊗
dev(θ)
|dev(θ)|
b9¤8ºd
−m(|dev(θ)| −K0)|dev(θ)|
((
11− 1dI⊗ I
)− dev(θ)|dev(θ)| ⊗ dev(θ)|dev(θ)|) .
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m′(s) ∈ ∂m(s) f/ADÀ*_*A!f Û G
m′(s) =
{
1 s > 0
0 s ≤ 0
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C(θ) ∈ ∂PK(θ) Jz=Z869M*A¿!=Z_*H9:>H6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C(θ) =
{
11 |dev(θ)| ≤ K0 ,
1
dI⊗ I + K0|dev(θ)|
((
11− 1dI⊗ I
)− dev(θ)|dev(θ)| ⊗ dev(θ)| dev(θ)|) |dev(θ)| > K0 .
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C(θ) : dev(θ) = 0
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sup
A∈∂PK(θ+δτ )
∣∣PK(θ + δτ )− PK(θ)− δA[τ ]∣∣ = o(δ) .
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un
57_*f
εn−1p
ðNAf/ADÀ*_*A69M*A6989:g57YH9698A!HH
θn(ξ) = 2µ
(
sym(Dun(ξ))− εn−1p (ξ)
)
ξ ∈ Ξh , b9¤#ÁAd
:xÖ/AqÖ<E
T nE(ξ) = θ
n(ξ)− γn(ξ)Dφ(T nE(ξ)) ξ ∈ Ξh .
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ÑÚ (un, A¯n) ∈ Vh(unD)×Wh(A¯nD)
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É∫
Ω
PK
(
2µ(sym(Dun)− εn−1p )
)
: Dv dx + λ
∫
Ω
div(un) div(v) dx
+ 2µc
∫
Ω
(
skew(Dun)− A¯n) : Dv dx = `n[v], v ∈ Vh(  ) , b9¤8Âq5d
µL2c
∫
Ω
DA¯n ·DB¯ dx = µc
∫
Ω
(
skew(Dun)− A¯n) : B¯ dx, B¯ ∈Wh(0) . b9¤8Â Û d
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T nE(ξ) = PK
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θn(ξ)
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, ξ ∈ Ξh .
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σn(ξ) = PK
(
θn(ξ)
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+ λdiv(un)(ξ)I + 2µc
(
skew(Dun(ξ))− A¯n(ξ)), ξ ∈ Ξh,
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Inincr(u, A¯) = Eincr(Du, A¯, εn−1p )− `n[u]
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Eincr(Du, A¯, εp) = 1
2µ
∫
Ω
ψK
(
2µ(sym(Du)− εp)
)
dx +
λ
2
∫
Ω
tr(Du)2 dx
+ µc
∫
Ω
| skew(Du)− A¯|2 dx + µL2c
∫
Ω
|DA¯|2 dx . b9¤Ä5d
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AdÂ
n = 1
57_*f
ε0p = 0
E
µc = 0
E
Lc = 0
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I1incr(u, 0¯)
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DInincr(u, A¯) = 0
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Inincr
ð:<69M8A!H9ÂA!¿d66=
u
D1I
n
incr(u, A¯)[v] =
1
2µ
∫
Ω
PK
(
2µ(sym(Du)− εn−1p )
)
:
(
2µ sym(Dv)
)
dx
+ λ
∫
Ω
div(u) div(v) dx + 2µc
∫
Ω
(
skew(Du)− A¯) : skew(Dv) dx − `n[v]
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Vh := Vh(  )
57_*f
Wh := Wh(0)
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Vh ⊂ V 57_*f
Wh ⊂ W EðM*Ad8A V = H10 (Ω,Rd)
57_*f
W = H10 (Ω, so(d))
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‖v‖ ≤ C0 ‖Dv‖, v ∈ V , b9¤8Åd
‖B¯‖ ≤ C1 ‖DB¯‖, B¯ ∈W ,
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C3 > 0
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‖Dv‖2 ≤ C3
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‖div v‖2 + ‖ curl v‖2
)
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‖div(v)‖2 + ‖ curl(v)‖2 = ‖ tr(Dv)‖2 + ‖ skew(Dv)‖2 . b¦5Úd
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Inincr(u, A¯) ≥ µcc4
(
‖Du‖2 + ‖DA¯‖2
)
− 1
4µcc4
‖`n‖2V′ .
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b[(u, A¯), (v, B¯)] = λ
∫
Ω
div(u) div(v) dx + 2µL2c
∫
Ω
DA¯ ·DB¯ dx
+ 2µc
∫
Ω
(
skew(Du)− A¯) : ( skew(Dv) − B¯) dx
:<_*f°Ä*¿!A!HB5Á¿!=¬Ad8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Ad8969:<_/\ ‖ skew(Du)− A¯‖2 ≥ (1 − α) ‖ skew(Du)‖2 +
(1− 1α) ‖A¯‖2 ,
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b[(u, A¯), (u, A¯)] ≥ λ ‖div(u)‖2 + 2µL2c‖DA¯‖2
+ 2µc(1− α) ‖ skew(Du)‖2 + 2µc
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1− 1
α
)
‖A¯‖2
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b[(u, A¯), (u, A¯)] ≥ 4µcc4
(‖Du‖2 + ‖DA¯‖2)
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(‖Dv‖2 + ‖DA¯‖2)− 1
4µcc4
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∫
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| skew(σn
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∫
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∫
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F n(u, A¯)[v, B¯] = DInincr(u, A¯)[v, B¯], (v, B¯) ∈ Vh(  )×Wh(0)
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0 ∈ F n(un,k, A¯n,k) + ∂F n(un,k, A¯n,k)[un,k+1 − un,k, A¯n,k+1 − A¯n,k] .
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t0 = 0
ð:<69M
ε0p = 0
Eﬁ57_*fðNAHAd6
n = 1
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pﬀ¤daKNM*=I=qH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un,0
E
A¯n,0
E757_*f%HAd6
k = 0
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un,0(x) = unD(x)
Jz=Z857Y<Y
x ∈ D 57_*f A¯n,0(x) = A¯nD(x)
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x ∈ D′ Ö
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ξ ∈ Ξh
θn,k(ξ) = 2µ
(
sym(Dun,k(ξ))− εn−1p (ξ)
)
ηn,k(ξ) =
dev(θn,k(ξ))
|dev(θn,k(ξ))|
T n,kE (ξ) = θ
n,k(ξ)−max {0, |dev(θn,k(ξ))| −K0}ηn,k(ξ)
σn,k(ξ) = T n,kE (ξ) + λdiv(u
n)(ξ)I + 2µc
(
skew(Dun(ξ))− A¯n(ξ)) .
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F n,k[v, B¯] =
∫
Ω
σn,k : Dv dx− `n[v]
+ 2µL2c
∫
Ω
DA¯n,k ·DB¯ dx− 2µc
∫
Ω
(
skew(Dun,k)− A¯n,k) : B¯ dx .
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Ad6 un = un,k E A¯n = A¯n,k E
εnp (ξ) = ε
n−1
p (ξ) +
max
{
0, |dev(θn,k(ξ))| −K0
}
2µ
ηn,k(ξ)
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Cn,k(ξ) =
{
11 |dev(θn,k(ξ))| ≤ K0
1
dI⊗ I + K0|dev(θn,k(ξ))|
((
11− 1dI⊗ I
)− ηn,k(ξ)⊗ ηn,k(ξ)) |dev(θn,k(ξ))| > K0
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an,k[(w, C¯), (v, B¯)] = 2µ
∫
Ω
sym(Dw) : Cn,k : sym(Dv) dx
+ λ
∫
Ω
div(w) div(v) dx
+ 2µc
∫
Ω
(
skew(Dw)− C¯) : ( skew(Dv)− B¯) dx
+ 2µL2c
∫
Ω
DC¯ ·DB¯ dx .
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